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The classical perceptron model
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The classical perceptron model
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Into the quantum domain 
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⃗i = (i0, i1, …, in−1)

⃗w = (w0, w1, …, wn−1)
ij, wj ∈ {−1,1}

The -bit long input and weight vector can be 

encoded in the amplitudes  of a balanced 

superposition of the computational basis 

states of   qubits

n
±1

N = log2 n

This class of states are known as Real Equally Weighted (REW) states 

|ψi⟩ =
1

2N

2N−1

∑
j=0

ij | j⟩

|ψw⟩ =
1

2N

2N−1

∑
j=0

wj | j⟩

Consider the quantum states

F. Tacchino et al., npj Quantum Information 5, 26 (2019)

⟨ψi |ψw⟩ =
2N−1

∑
j,k=0

ijwk⟨j |k⟩ =
2N−1

∑
j=0

ijwj

 qubits used to encode 

 classical bits

N
2N
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Quantum artificial neuron 
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Quantum circuit implementation

Ui |0⟩⊗N = |ψi⟩

Uw |ψw⟩ = |1⟩⊗N

Quantum input state preparation

Inner product (weighted sum)

because:

⟨ψw |ψi⟩ = ⟨ψw |U†
wUw |ψi⟩ = ⟨1 |UwUi |0⟩

|ϕi,w⟩

∑
j

ijwj
2

Measurement of ancilla yields  with 

probability

|1⟩

Activation function!|ϕi,w⟩
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Classification of checkboard patterns
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i0 i1

i2 i3

white if  

black if 

ij, wj = + 1
ij, wj = − 1

⃗i =

i0
i1
⋮

i2N−1

⃗w =

w0
w1
⋮

w2N−1

N = 2
⃗i = (i0, i1, i2, i3)

⃗i =
(1, − 1,1, − 1)

⃗w =
(1, − 1,1, − 1)

⟨ψw |ψi⟩ = ⃗i ⋅ ⃗w = 1 Perfect activation

⃗i =
(1, − 1,1, − 1)

⃗w =
(−1,1,1, − 1)

⟨ψw |ψi⟩ = ⃗i ⋅ ⃗w = 0 No activation



30 September 2020, Stefano ManginiYIQIS2020 / 14

From Binary to Continuous values
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|ψi⟩ =
1

2N

2N−1

∑
j=0

ij | j⟩ ij = ± 1withBinary

|ψθ⟩ =
1

2N

2N−1

∑
j=0

eiθj | j⟩

eiθ = {1 θ = 0
−1 θ = π

but

By means of phase encoding we load the data on the quantum states!

θj, ϕj ∈ [0,π]
⃗θ = (θ0, θ1, …, θn−1)⃗ϕ = (ϕ0, ϕ1, …, ϕn−1)

input

weights
(not  due to periodicity)2π

|ψϕ⟩ =
1

2N

2N−1

∑
j=0

eiϕj | j⟩

Quantum states:
|⟨ψϕ |ψθ⟩ |2 =

2N−1

∑
j

ei(θj−ϕj)
2

= … =

=
1
2N

+
1

22N−1

2N−1

∑
i<j

cos((θj − ϕj) − (θi − ϕi))

S. Mangini et al., Machine Learning: Science and Technology (2020)
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Some useful remarks
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f(θ, ϕ) =
1
2N

+
1

22N−1

2N−1

∑
i<j

cos((θj − ϕj) − (θi − ϕi))

θ = ϕIf

f(θ, ϕ) =
1
2N

+
1

22N−1

2N−1

∑
i<j

=
1
2N

+
1

22N−1

2N(2N − 1)
2

= 1 θ = ϕ + Δ
which also holds if

θ = ϕ + Δ, Δj ∼ Unif(−a/2, a/2)If

⟨ f(θ, ϕ)⟩ ≈ 1 − O(a2) Noise resilience!

The activation function

Color invariance!
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Actual quantum circuit implementation
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8

Ui Uw

qr0 : |0〉 H • • • • H X •

qr1 : |0〉 H R(θ̃1) X R(θ̃2) X R(θ̃3)

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

"

"

"

"

"

"

"
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

R(φ̃1)
† X R(φ̃2)

† X R(φ̃3)
† H X

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

"

"

"

"

"

"

"
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

•

�M+BHH� : |0〉 ##

cr0

6A:X j, a+?2K2 Q7 i?2 [m�MimK +B`+mBi 7Q` i?2 n = 2 [m#Bib +�b2X h?2 T�`�K2i2`b �`2 `2/2}M2/ �b
θ̃i = θi − θ0, φ̃i = φi − φ0- �b /2i�BH2/ BM 1[X U\\VX

;`�vb+�H2 BK�;2bX � ;`�vb+�H2 BK�;2 +QMbBbib Q7 � ;`B/
Q7 TBt2Hb r?Qb2 BMi2MbBiB2b �`2 mbm�HHvR `2T`2b2Mi2/ #v
BMi2;2` MmK#2`b BM i?2 `�M;2 [0, 255]- �b b?QrM BM 6B;X \\X

255 170

85 0

6A:X 9, � ;`�vb+�H2 BK�;2 rBi? +Q``2bTQM/BM; TBt2H
BMi2MbBiB2bX h?Bb BK�;2 +�M #2 2M+Q/2/ BM i?2 �``�v
(255, 170, 85, 0)- Q`/2`2/ 7`QK iQT@H27i iQ #QiiQK@`B;?iX

aBM+2 r2 K�F2 mb2 Q7 � T?�b2 2M+Q/BM;- �HH BMTmib U�M/
r2B;?ibV iQ i?2 �`iB}+B�H M2m`QM ?�p2 iQ #2 MQ`K�HBx2/ BM
i?2 BMi2`p�H [0, 2π]X AM i?Bb rQ`F r2 7m`i?2` `2bi`B+i i?Bb
/QK�BM 7Q` irQ `2�bQMbX 6B`bi- p�Hm2b BM [0,π] �M/ [π, 2π]
�`2 7mHHv 2[mBp�H2Mi- /m2 iQ i?2 T2`BQ/B+Biv BM T?�b2 �M/
i?2 b[m�`2/ KQ/mHmb BM 1[X U\\Vc b2+QM/- 7Q` i?2 b�K2
`2�bQM- bi�i2b rBi? x2`Q Q` π T?�b2 vB2H/ i?2 b�K2 �+iB@
p�iBQM 7mM+iBQM- r?B+? BM im`M K2�Mb i?�i BK�;2b rBi?
BMp2`i2/ +QHQ`b UBX2X- #v 2t+?�M;BM; r?Bi2 rBi? #H�+FV
rQmH/ #2 `2+Q;MBx2/ �b 2[mBp�H2Mi #v i?Bb T2`+2Ti`QM
KQ/2HX >2M+2- iQ /BbiBM;mBb? � ;Bp2M BK�;2 7`QK Bib M2;@
�iBp2- r2 7m`i?2` `2bi`B+i i?2 BMTmi �M/ r2B;?i 2H2K2Mib
iQ HB2 BM i?2 `�M;2 [0,π/2]X h?mb- �M BK�;2 bm+? �b i?2
QM2 `2TQ`i2/ BM 6B;X \\ Bb bm#D2+i iQ i?2 MQ`K�HBx�iBQM
(255, 170, 85, 0) → π/2

255 (255, 170, 85, 0)- #27Q`2 mbBM; Bi �b
�M BMTmi p2+iQ` iQ #2 2M+Q/2/ BMiQ i?2 [m�MimK M2m`QM
KQ/2HX
q2 BKTH2K2Mi2/ �M/ i2bi2/ i?2 [m�MimK +B`+mBi #Qi? QM
bBKmH�iQ`b �M/ QM `2�H [m�MimK ?�`/r�`2- #v mbBM; i?2
A"J Zm�MimK 1tT2`B2M+2 k �M/ ZBbFBi (\ )X h?2 `2bmHib
�`2 `2TQ`i2/ BM i?2 7QHHQrBM;X

R h?Bb 2M+Q/BM; Q7 ;`�vb+�H2 BK�;2b 2KTHQvb � bBM;H2 #vi2 UBX2X- 3
#BibV T2` TBt2H QM � +H�bbB+�H +QKTmiBM; `2;Bbi2`X

k ?iiTb,ff[m�MimK@+QKTmiBM;XB#KX+QKf

�X LmK2`B+�H _2bmHib

hQ #2ii2` �TT`2+B�i2 i?2 TQi2MiB�HBiB2b Q7 i?2 +QMiBM@
mQmbHv p�Hm2/ [m�MimK M2m`QM- r2 �M�Hvb2 Bib T2`7Q`@
K�M+2 BM `2+Q;MBxBM; bBKBH�` BK�;2bX q2 }t i?2 r2B;?i
p2+iQ` iQ φ = (π/2, 0, 0,π/2)- r?B+? +Q``2bTQM/b iQ i?2
+?2+F2`#Q�`/ T�ii2`M `2T`2b2Mi2/ BM i?2 BK�;2 Q7 6B;X \\-
�M/ i?2M ;2M2`�i2 � 72r `�M/QK BK�;2b iQ #2 mb2/ �b
BMTmib iQ i?2 [m�MimK M2m`QMX 6Q` 2�+? BMTmi- i?2 +B`@
+mBi Bb 2t2+mi2/ KmHiBTH2 iBK2b- i?mb #mBH/BM; � bi�iBb@
iB+b Q7 i?2 Qmi+QK2bX qBi? m = 30 `�M/QK ;2M2`�i2/
BK�;2b- i?2 `2bmHib Q7 i?2 +H�bbB}+�iBQM �`2 /2TB+i2/ BM
6B;X \\- r?B+? BM+Hm/2b i?2 �M�HviB+ `2bmHib- i?2 `2bmHib
Q7 MmK2`B+�H bBKmH�iBQMb `mM QM ZBbFBi Z�aJ aBKmH�iQ`
#�+F2M/- �M/ }M�HHv i?2 `2bmHib Q#i�BM2/ #v 2t2+miBM;
i?2 [m�MimK +B`+mBi QM i?2 B#K[tk@vQ`FiQrM U�++2bb2/
BM J�`+? kykyV `2�H /2pB+2X .m2 iQ 2``Q`b BM i?2 �+im�H
[m�MimK T`Q+2bbBM; /2pB+2- i?2 bi�iBbiB+b Q7 i?2 Qmi+QK2
/Bz2` 7`QK 2Bi?2` i?2 bBKmH�i2/ QM2 Q` i?2 �M�HviB+ `2@
bmHiX L2p2`i?2H2bb- i?2 b�K2 Qp2`�HH #2?�pBQm` +�M #2
2�bBHv `2+Q;MBb2/- i?mb b?QrBM; i?�i i?2 [m�MimK M2m`QM
+B`+mBi +�M #2 bm++2bb7mHHv BKTH2K2Mi2/ �HbQ BM �M �+im�H
[m�MimK T`Q+2bbQ` ;BpBM; `2HB�#H2 `2bmHib 7Q` bm+? `2+Q;@
MBiBQM i�bFbX h?2 BK�;2b T`Q/m+BM; i?2 H�`;2bi �+iBp�iBQM
�`2 i?2 QM2b +Q``2bTQM/BM; iQ BMTmi p2+iQ`b bBKBH�` iQ i?2
+?2+F2`#Q�`/@HBF2 r2B;?i p2+iQ`- r?B+? +QM}`Kb i?2 /2@
bB`2/ #2?�pBQm` Q7 i?2 [m�MimK M2m`QM BM `2+Q;MBxBM;
bBKBH�` BK�;2bX PM i?2 +QMi`�`v- i?2 BK�;2b rBi? HQr2bi
�+iBp�iBQM �`2 bBKBH�` iQ i?2 M2;�iBp2 Q7 i?2 i�`;2i r2B;?i
p2+iQ`- �b /2bB`2/X

AoX G1�_LAL:

h?2 T`Q+2bb Q7 }M/BM; i?2 �TT`QT`B�i2 p�Hm2 7Q` i?2
r2B;?ib iQ BKTH2K2Mi � ;Bp2M +H�bbB}+�iBQM Bb +�HH2/ H2�`M@
BM;- �M/ Bi Bb ;2M2`�HHv #�b2/ mTQM �M QTiBKBx�iBQM T`Q@
+2/m`2 BM r?B+? � +Qbi 7mM+iBQM Bb KBMBKBx2/ #v bQK2
;`�/B2Mi /2b+2Mi i2+?MB[m2X A/2�HHv- i?2 KBMBKmK Q7 i?2
+Qbi 7mM+iBQM +Q``2bTQM/b iQ i?2 i�`;2i2/ bQHmiBQMX

� bBKTH2 H2�`MBM; i�bF 7Q` Qm` [m�MimK M2m`QM Bb iQ
`2+Q;MBx2 � bBM;H2 ;Bp2M BMTmiX ai�`iBM; 7`QK �M BMTmi
p2+iQ`- θ- r2 �BK �i }M/BM; � r2B;?i p2+iQ`- φ- T`Q/m+BM;

N = 2 qubits

R(θ) = [1 0
0 eiθ]

Phase shift gate

H =
1

2 [1 1
1 −1]

Hadamard gate

X = [0 1
1 0]

NOT gate

U

Controlled gate

CU =

1 0 0 0
0 1 0 0
0 0 U11 U12

0 0 U21 U22
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Classification of grayscale patterns
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255 170

85 0

⃗i = (255,170,85,0)

ij ∈ [0,255]

Grayscale images
Normalization ⃗i →

π/2
255

⃗i

e

φi�`;2i

9 19

7 12

y R k j 9 8 e d 3 N Ry RR Rk Rj R9 R8 Re Rd R3 RN ky kR kk kj k9 k8 ke kd k3 kN0.0

0.2

0.4

0.6

0.8

�M�HviB+
Z�aJ
A"JZsk

6A:X 8, _2bmHib Q7 i?2 BK�;2 `2+Q;MBiBQM i�bF T2`7Q`K2/ #v � [m�MimK �`iB}+B�H M2m`QM- Q#i�BM2/ #v `mMMBM; i?2
+Q``2bTQM/BM; [m�MimK +B`+mBi rBi? 2Bi?2` i?2 ZBbFBi Z�aJ aBKmH�iQ` #�+F2M/ Q` i?2 B#K[tk@uQ`FiQrM `2�H

[m�MimK T`Q+2bbQ`X AM �//BiBQM- r2 �HbQ `2TQ`i i?2 `2H�i2/ �M�HviB+ p�Hm2bX h?2 i�`;2i r2B;?i p2+iQ`- φi�`;2i- Bb
}t2/- �M/ m = 30 `�M/QK BK�;2b �`2 ;Bp2M �b BMTmi p2+iQ`b iQ i?2 [m�MimK �`iB}+B�H M2m`QMX 6Q` 2�+? BMTmi- i?2

+Q``2bTQM/BM; [m�MimK +B`+mBi Bb 2t2+mi2/ 3RNk iBK2bX h?2 +?2+F2`#Q�`/@HBF2 BK�;2 +Q``2bTQM/b iQ i?2 i�`;2i
r2B;?i p2+iQ` φi�`;2i = (π/2, 0, 0,π, 2)- r?BH2 i?2 BK�;2b /BbTH�vBM; `2bT2+iBp2Hv H�`;2bi �M/ HQr2bi �+iBp�iBQM �`2 i?2

QM2b H�#2H2/ �b RN �M/ RkX AMTmi p2+iQ`b H�#2H2/ �b N �M/ d �`2 2t�KTH2b Q7 BK�;2b rBi? ?B;? �M/ HQr �+iBp�iBQM-
`2bT2+iBp2HvX

� ?B;? �+iBp�iBQMX aBM+2 i?2 �+iBp�iBQM 7mM+iBQM 7Q` Qm`
[m�MimK M2m`QM Bb ;Bp2M BM 1[X U\\V- r2 FMQr i?�i T2`@
72+i �+iBp�iBQM +�M QMHv #2 Q#i�BM2/ r?2M i?2 BMTmi �M/
r2B;?i p2+iQ`b �`2 2t�+iHv +QBM+B/2Mi- θ = φX h?Bb +�b2
+�M 2�bBHv #2 +?2+F2/ MmK2`B+�HHv- #v H2iiBM; i?2 M2m`QM
H2�`M i?2 `B;?i r2B;?ib i?`Qm;? � +H�bbB+�H QTiBKBx�iBQM
i2+?MB[m2X

� M�Bp2 v2i 2{+B2Mi +?QB+2 7Q` i?2 +Qbi 7mM+iBQM
/`BpBM; i?2 H2�`MBM; T`Q+2bb Bb L(φ) = (1− f(θ,φ))2- BM
r?B+? f(θ,φ) Bb i?2 �+iBp�iBQM 7mM+iBQM Q7 i?2 �`iB}+B�H
M2m`QM rBi? BMTmi "θ �M/ r2B;?i p2+iQ` φ- �b BM 1[X U\\VX
h?2 KBMBKmK Q7 i?2 +Qbi 7mM+iBQM- x2`Q- Bb `2�+?2/ r?2M
i?2 [m�MimK M2m`QM ?�b 7mHH �+iBp�iBQM- BX2X f(θ,φ) = 1X
h?2 KBMBKBx�iBQM T`Q+2bb Bb /`Bp2M #v i?2 aiQ+?�biB+
S2`im`#�iBQM aiQ+?�biB+ �TT`QtBK�iBQMb UaSa�V (\ )-
r?B+? Bb #mBHi 7Q` QTiBKBx�iBQM T`Q+2bb2b +?�`�+i2`Bx2/
#v i?2 T`2b2M+2 Q7 MQBb2 �M/ Bb i?mb T�`iB+mH�`Hv 2z2+iBp2
BM i?2 T`2b2M+2 Q7 T`Q#�#BHBbiB+ K2�bm`2K2Mi QmiTmibX
�M �+im�H BKTH2K2Mi�iBQM QM i?2 Z�aJ bBKmH�iQ` H2�/b
iQ i?2 7QHHQrBM; `2bmHibX h?2 i�bF Bb iQ `2+Q;MBx2 i?2
BMTmi p2+iQ` "θ = (π/5, 0, π/3, 0.1)X lbBM; i?2 aSa�
QTiBKBx2`- i?2 +Qbi 7mM+iBQM ;2ib KBMBKBx2/ #v p�`vBM;
i?2 r2B;?i p2+iQ`- �b `2TQ`i2/ BM 6B;X \\- r?2`2 Bi Bb
2pB/2Mi i?�i i?2 +Qbi 7mM+iBQM `�TB/Hv +QMp2`;2b iQ p�Hm2b
+HQb2 iQ x2`Q �7i2` � 72r Bi2`�iBQM bi2TbX h?2 bQHmiBQM
iQ i?2 T`Q#H2K- i?�i Bb i?2 }M�H QTiBKBx2/ r2B;?i
p2+iQ`- Bb "φf = (1.03, 0.19, 1.47, 0.61)- r?Qb2 ;`�vb+�H2
`2T`2b2Mi�iBQM Bb THQii2/ BM 6B;m`2 \\X 1p2M B7 i?2 BMTmi
�M/ r2B;?i p2+iQ` �`2 MQi MmK2`B+�HHv 2[mBp�H2Mi- r2
+�M b22 i?�i i?2 }M�H r2B;?i BK�;2 �+im�HHv HQQFb p2`v
Km+? HBF2 i?2 i�`;2i QM2- �b 2tT2+i2/X AM 7�+i- i?2 irQ
BK�;2b `2i�BM �HKQbi i?2 b�K2 b?�/2b Q7 ;`�v- rBi? i?2
QTiBKBx2/ QM2 #2BM; � #Bi b?B7i2/ iQr�`/b i?2 #`B;?i2bi

0 10 20 30 40 50 60
0

0.1

0.2

0.3

h`�BMBM; bi2T

*Qbi 6mM+iBQM

U�V

θi�`;2i φbi�`i

→

φ}M�H

U#V

6A:X e, U�V JBMBKBx�iBQM Q7 i?2 +Qbi 7mM+iBQM-
L(φ) = (1− f(θ,φ))2- �b � 7mM+iBQM Q7 Bi2`�iBQM bi2TbX
U#V AK�;2 +Q``2bTQM/BM; iQ i?2 i�`;2i r2B;?i p2+iQ`- θ

UH27i T�M2HV- �M/ i?2 r2B;?i p2+iQ` #27Q`2 i?2
QTiBKBx�iBQM- φ0 U+2Mi2` T�M2HV- �M/ �7i2` i?2

QTiBKBx�iBQM- φf U`B;?i T�M2HVX

2M/ Q7 i?2 bT2+i`mK- �M/ �b r2 T`2pBQmbHv MQiB+2/- i?2
M2m`QM Bb #HBM/ iQ Qp2`�HH +QHQ` b?B7ibX

AM ;2M2`�H- r?2M /2�HBM; rBi? � +H�bbB}+�iBQM i�bF-
i?2`2 Bb KQ`2 i?�M QM2 BMTmi p2+iQ` iQ #2 +H�bbB}2/X G2i
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Learning

12

Key aspect of NN-based algorithm is training, which can now be implemented by means of a 

classical optimizator based on gradient descent. 

ℒ(ϕ) =
M

∑
i=0

(yi − ỹi)2

yi = correct label

ỹi = predicted label

M = size of the dataset

ỹi = {1 if f(θ, ϕ) > threshold
0 otherwise

e

φi�`;2i

9 19

7 12

y R k j 9 8 e d 3 N Ry RR Rk Rj R9 R8 Re Rd R3 RN ky kR kk kj k9 k8 ke kd k3 kN0.0
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KQ/2HX

oX *PL*GlaAPLa

q2 ?�p2 `2TQ`i2/ QM � MQp2H [m�MimK �H;Q`Bi?K �H@
HQrBM; iQ BKTH2K2Mi � ;2M2`�HBx2/ T2`+2Ti`QM KQ/2H QM
� [m#Bi@#�b2/ [m�MimK `2;Bbi2`X h?Bb [m�MimK �`iB}+B�H
M2m`QM �++2Tib �M/ �M�Hvx2b +QMiBMmQmbHv p�Hm2/ BMTmi
/�i�X h?2 T`QTQb2/ �H;Q`Bi?K Bb i`�MbH�i2/ BMiQ � [m�M@
imK +B`+mBi KQ/2H iQ #2 `2�/BHv `mM QM 2tBbiBM; [m�MimK
?�`/r�`2X Ai i�F2b 7mHH �/p�Mi�;2 Q7 i?2 2tTQM2MiB�HHv
H�`;2 >BH#2`i bT�+2 �p�BH�#H2 iQ 2M+Q/2 BMTmi /�i� QM
i?2 T?�b2b Q7 H�`;2 bmT2`TQbBiBQM bi�i2b- FMQrM �b HQ@
+�HHv K�tBK�HHv 2Mi�M;H�#H2 UGJ1VX h?2b2 GJ1 bi�i2b
+�M #2 +QMbi`m+i2/ rBi? � #QiiQK@mT �TT`Q�+?- #v BK@
T`BMiBM; 2�+? bBM;H2 T?�b2 b2T�`�i2HvX >Qr2p2`- Bi b?QmH/
#2 bi`2bb2/ i?�i �Hi2`M�iBp2 �M/ TQbbB#Hv KQ`2 2{+B2Mi
bi`�i2;B2b +QmH/ /B`2+iHv vB2H/ bm+? bi�i2b �b ;`QmM/ bi�i2b
Q7 bmBi�#H2 >�KBHiQMB�Mb- Q` �b bi�iBQM�`v bi�i2b 7`QK /Bb@
bBT�iBp2 T`Q+2bb2b (\ )X h?2 T`QTQb2/ +QMiBMmQmbHv p�Hm2/
[m�MimK M2m`QM T`Qp2b iQ #2 � ;QQ/ +�M/B/�i2 7Q` +H�b@
bB}+�iBQM i�bFb Q7 HBM2�`Hv MQM@b2T�`�#H2 irQ /BK2MbBQM�H
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BM; ;`�vb+�H2 BK�;2bX AM i?Bb `2;�`/- i?�MFb iQ i?2 T?�b2
2M+Q/BM;- i?2 M2m`QM +�M H2p2`�;2 � #mBHi@BM ǳ+QHQ` i`�Mb@
H�iBQM�HǴ BMp�`B�M+2- �b r2HH �b bB;MB}+�Mi MQBb2 `2bBHB2M+2X
AM T�`iB+mH�`- i?2 �+iBp�iBQM 7mM+iBQM BKTH2K2Mi2/ #v i?2
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98% r?2M mb2/ iQ /Bb+`BKBM�i2 #2ir22M BK�;2b Q7 x2`Qb
�M/ QM2b 7`QK i?2 JLAah /�i�b2i- i?mb BM/B+�iBM; i?2
�#BHBiv iQ /BbiBM;mBb? �HbQ +QKTH2t T�ii2`MbX � 7m`i?2`
bi2T rQmH/ #2 iQ +QMbB/2` KmHiBTH2 H�v2`b Q7 +QMM2+i2/

[m�MimK M2m`QMb iQ #mBH/ � +QMiBMmQmb [m�MimK 722/@
7Q`r�`/ M2m`�H M2irQ`FX AM �//BiBQM- Bi rQmH/ #2 BMi2`@
2biBM; iQ bim/v i?2 �TTHB+�iBQM Q7 T?�b2 2M+Q/BM; iQ Qi?2`
[m�MimK K�+?BM2 H2�`MBM; i2+?MB[m2b- bm+? �b [m�MimK
�miQ2M+Q/2`bX �M BKTQ`i�Mi 7mim`2 /B`2+iBQM rQmH/ �HbQ
#2 iQ /2bB;M �TT`QtBK�i2 K2i?Q/b iQ T2`7Q`K i?2 r2B;?i
mMBi�`v i`�Mb7Q`K�iBQM BM � r�v r?B+? b+�H2b KQ`2 7�pQ`@
�#Hv rBi? i?2 MmK#2` Q7 2M+Q/BM; [m#Bib, i?Bb +QmH/ #2
�+?B2p2/- 7Q` 2t�KTH2- #v i`�BMBM; bmBi�#H2 p�`B�iBQM�H Q`
�/�TiBp2 [m�MimK +B`+mBibX

�*ELPqG1.:J1Lha

h?Bb `2b2�`+? r�b T�`iHv bmTTQ`i2/ #v i?2 Ai�HB�M JBM@
Bbi`v Q7 1/m+�iBQM- lMBp2`bBiv �M/ _2b2�`+? UJAl_V
i?`Qm;? i?2 ǳ.BT�`iBK2MiB /B 1++2HH2Mx� S`Q;`�K UkyR3@
kykkVǴ- .2T�`iK2Mi Q7 S?vbB+b- lMBp2`bBiv Q7 S�pB�- i?2
S_AL S`QD2+i ǳALS?QSPGǴ �M/ i?2 Zm�Mi2`� T`QD2+i
ZmA*>1X q2 �+FMQrH2/;2 1LA aXTX�X 7Q` ?�pBM; T�`@
iB�HHv +QMi`B#mi2/ iQ i?Bb T`QD2+i i?`Qm;? i?2 6`�K2rQ`F
�;`22K2Mi rBi? lMBp2`bBi�ǵ /B S�pB�X q2 �+FMQrH2/;2
mb2 Q7 i?2 A"J Zm�MimK 1tT2`B2M+2 7Q` i?Bb rQ`FX h?2
pB2rb 2tT`2bb2/ �`2 i?Qb2 Q7 i?2 �mi?Q`b �M/ /Q MQi `2@
~2+i i?2 Q{+B�H TQHB+v Q` TQbBiBQM Q7 A"J +QKT�Mv Q`
i?2 A"J@Z i2�KX
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=

(
N∑

i=1

zi

)


N∑

j=1

z∗j



 =
N∑

i,j=1

ziz
∗
j ,

=
N∑

i=j

|zi|2 +
N∑

i "=j

rirje
i(γi−γj) ,

=
N∑

i=j

r2i + 2
N∑

i<j

rirj cos(γj − γi) , U�RV

r?2`2 BM i?2 H�bi HBM2 i?2 7QHHQrBM; `2H�iBQM ?�b #22M �T@
THB2/

eix + e−ix = 2 cos(x) . U�kV

a2iiBM; ri = 1/N �M/ γi = θi − φi- `2bT2+iBp2Hv- r2
}M�HHv ;2i,
∣∣∣∣∣

N∑

i=1

ei(θi−φi)

N

∣∣∣∣∣

2

=
1

N
+

2

N2

N∑

i<j

cos((θj − φj)− (θi − φi)) ,

U�jV
r?B+? +Q``2+iHv `2/m+2b iQ 1[X U\\V BM i?2 K�BM i2ti-
mTQM bm#biBimiBM; N = 2n �M/ b?B7iBM; i?2 bmKK�iBQM
BM/B+2b iQ bi�`i 7`QK x2`QX

⟨ψw |ψi⟩
2

Accuracy ∼ 98 %
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Key points 

Encode classical data through Phase encoding 

Color invariance and Noise resilience 

Suitable for optimization using gradient descent techniques 

Successfully tested on real quantum hardware (IBMQ)

Take home message

14
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Actual quantum circuit implementation

15

8

Ui Uw

qr0 : |0〉 H • • • • H X •

qr1 : |0〉 H R(θ̃1) X R(θ̃2) X R(θ̃3)

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

"

"

"

"

"

"

"
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

R(φ̃1)
† X R(φ̃2)

† X R(φ̃3)
† H X

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

"

"

"

"

"

"

"
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

•

�M+BHH� : |0〉 ##

cr0

6A:X j, a+?2K2 Q7 i?2 [m�MimK +B`+mBi 7Q` i?2 n = 2 [m#Bib +�b2X h?2 T�`�K2i2`b �`2 `2/2}M2/ �b
θ̃i = θi − θ0, φ̃i = φi − φ0- �b /2i�BH2/ BM 1[X U\\VX

;`�vb+�H2 BK�;2bX � ;`�vb+�H2 BK�;2 +QMbBbib Q7 � ;`B/
Q7 TBt2Hb r?Qb2 BMi2MbBiB2b �`2 mbm�HHvR `2T`2b2Mi2/ #v
BMi2;2` MmK#2`b BM i?2 `�M;2 [0, 255]- �b b?QrM BM 6B;X \\X

255 170

85 0

6A:X 9, � ;`�vb+�H2 BK�;2 rBi? +Q``2bTQM/BM; TBt2H
BMi2MbBiB2bX h?Bb BK�;2 +�M #2 2M+Q/2/ BM i?2 �``�v
(255, 170, 85, 0)- Q`/2`2/ 7`QK iQT@H27i iQ #QiiQK@`B;?iX

aBM+2 r2 K�F2 mb2 Q7 � T?�b2 2M+Q/BM;- �HH BMTmib U�M/
r2B;?ibV iQ i?2 �`iB}+B�H M2m`QM ?�p2 iQ #2 MQ`K�HBx2/ BM
i?2 BMi2`p�H [0, 2π]X AM i?Bb rQ`F r2 7m`i?2` `2bi`B+i i?Bb
/QK�BM 7Q` irQ `2�bQMbX 6B`bi- p�Hm2b BM [0,π] �M/ [π, 2π]
�`2 7mHHv 2[mBp�H2Mi- /m2 iQ i?2 T2`BQ/B+Biv BM T?�b2 �M/
i?2 b[m�`2/ KQ/mHmb BM 1[X U\\Vc b2+QM/- 7Q` i?2 b�K2
`2�bQM- bi�i2b rBi? x2`Q Q` π T?�b2 vB2H/ i?2 b�K2 �+iB@
p�iBQM 7mM+iBQM- r?B+? BM im`M K2�Mb i?�i BK�;2b rBi?
BMp2`i2/ +QHQ`b UBX2X- #v 2t+?�M;BM; r?Bi2 rBi? #H�+FV
rQmH/ #2 `2+Q;MBx2/ �b 2[mBp�H2Mi #v i?Bb T2`+2Ti`QM
KQ/2HX >2M+2- iQ /BbiBM;mBb? � ;Bp2M BK�;2 7`QK Bib M2;@
�iBp2- r2 7m`i?2` `2bi`B+i i?2 BMTmi �M/ r2B;?i 2H2K2Mib
iQ HB2 BM i?2 `�M;2 [0,π/2]X h?mb- �M BK�;2 bm+? �b i?2
QM2 `2TQ`i2/ BM 6B;X \\ Bb bm#D2+i iQ i?2 MQ`K�HBx�iBQM
(255, 170, 85, 0) → π/2

255 (255, 170, 85, 0)- #27Q`2 mbBM; Bi �b
�M BMTmi p2+iQ` iQ #2 2M+Q/2/ BMiQ i?2 [m�MimK M2m`QM
KQ/2HX
q2 BKTH2K2Mi2/ �M/ i2bi2/ i?2 [m�MimK +B`+mBi #Qi? QM
bBKmH�iQ`b �M/ QM `2�H [m�MimK ?�`/r�`2- #v mbBM; i?2
A"J Zm�MimK 1tT2`B2M+2 k �M/ ZBbFBi (\ )X h?2 `2bmHib
�`2 `2TQ`i2/ BM i?2 7QHHQrBM;X

R h?Bb 2M+Q/BM; Q7 ;`�vb+�H2 BK�;2b 2KTHQvb � bBM;H2 #vi2 UBX2X- 3
#BibV T2` TBt2H QM � +H�bbB+�H +QKTmiBM; `2;Bbi2`X

k ?iiTb,ff[m�MimK@+QKTmiBM;XB#KX+QKf

�X LmK2`B+�H _2bmHib

hQ #2ii2` �TT`2+B�i2 i?2 TQi2MiB�HBiB2b Q7 i?2 +QMiBM@
mQmbHv p�Hm2/ [m�MimK M2m`QM- r2 �M�Hvb2 Bib T2`7Q`@
K�M+2 BM `2+Q;MBxBM; bBKBH�` BK�;2bX q2 }t i?2 r2B;?i
p2+iQ` iQ φ = (π/2, 0, 0,π/2)- r?B+? +Q``2bTQM/b iQ i?2
+?2+F2`#Q�`/ T�ii2`M `2T`2b2Mi2/ BM i?2 BK�;2 Q7 6B;X \\-
�M/ i?2M ;2M2`�i2 � 72r `�M/QK BK�;2b iQ #2 mb2/ �b
BMTmib iQ i?2 [m�MimK M2m`QMX 6Q` 2�+? BMTmi- i?2 +B`@
+mBi Bb 2t2+mi2/ KmHiBTH2 iBK2b- i?mb #mBH/BM; � bi�iBb@
iB+b Q7 i?2 Qmi+QK2bX qBi? m = 30 `�M/QK ;2M2`�i2/
BK�;2b- i?2 `2bmHib Q7 i?2 +H�bbB}+�iBQM �`2 /2TB+i2/ BM
6B;X \\- r?B+? BM+Hm/2b i?2 �M�HviB+ `2bmHib- i?2 `2bmHib
Q7 MmK2`B+�H bBKmH�iBQMb `mM QM ZBbFBi Z�aJ aBKmH�iQ`
#�+F2M/- �M/ }M�HHv i?2 `2bmHib Q#i�BM2/ #v 2t2+miBM;
i?2 [m�MimK +B`+mBi QM i?2 B#K[tk@vQ`FiQrM U�++2bb2/
BM J�`+? kykyV `2�H /2pB+2X .m2 iQ 2``Q`b BM i?2 �+im�H
[m�MimK T`Q+2bbBM; /2pB+2- i?2 bi�iBbiB+b Q7 i?2 Qmi+QK2
/Bz2` 7`QK 2Bi?2` i?2 bBKmH�i2/ QM2 Q` i?2 �M�HviB+ `2@
bmHiX L2p2`i?2H2bb- i?2 b�K2 Qp2`�HH #2?�pBQm` +�M #2
2�bBHv `2+Q;MBb2/- i?mb b?QrBM; i?�i i?2 [m�MimK M2m`QM
+B`+mBi +�M #2 bm++2bb7mHHv BKTH2K2Mi2/ �HbQ BM �M �+im�H
[m�MimK T`Q+2bbQ` ;BpBM; `2HB�#H2 `2bmHib 7Q` bm+? `2+Q;@
MBiBQM i�bFbX h?2 BK�;2b T`Q/m+BM; i?2 H�`;2bi �+iBp�iBQM
�`2 i?2 QM2b +Q``2bTQM/BM; iQ BMTmi p2+iQ`b bBKBH�` iQ i?2
+?2+F2`#Q�`/@HBF2 r2B;?i p2+iQ`- r?B+? +QM}`Kb i?2 /2@
bB`2/ #2?�pBQm` Q7 i?2 [m�MimK M2m`QM BM `2+Q;MBxBM;
bBKBH�` BK�;2bX PM i?2 +QMi`�`v- i?2 BK�;2b rBi? HQr2bi
�+iBp�iBQM �`2 bBKBH�` iQ i?2 M2;�iBp2 Q7 i?2 i�`;2i r2B;?i
p2+iQ`- �b /2bB`2/X

AoX G1�_LAL:

h?2 T`Q+2bb Q7 }M/BM; i?2 �TT`QT`B�i2 p�Hm2 7Q` i?2
r2B;?ib iQ BKTH2K2Mi � ;Bp2M +H�bbB}+�iBQM Bb +�HH2/ H2�`M@
BM;- �M/ Bi Bb ;2M2`�HHv #�b2/ mTQM �M QTiBKBx�iBQM T`Q@
+2/m`2 BM r?B+? � +Qbi 7mM+iBQM Bb KBMBKBx2/ #v bQK2
;`�/B2Mi /2b+2Mi i2+?MB[m2X A/2�HHv- i?2 KBMBKmK Q7 i?2
+Qbi 7mM+iBQM +Q``2bTQM/b iQ i?2 i�`;2i2/ bQHmiBQMX

� bBKTH2 H2�`MBM; i�bF 7Q` Qm` [m�MimK M2m`QM Bb iQ
`2+Q;MBx2 � bBM;H2 ;Bp2M BMTmiX ai�`iBM; 7`QK �M BMTmi
p2+iQ`- θ- r2 �BK �i }M/BM; � r2B;?i p2+iQ`- φ- T`Q/m+BM;

N = 2 qubits

|00⟩ →
1
2

( |00⟩ + |01⟩ + |10⟩ + |11⟩)

Superposition
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Actual quantum circuit implementation
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8

Ui Uw

qr0 : |0〉 H • • • • H X •

qr1 : |0〉 H R(θ̃1) X R(θ̃2) X R(θ̃3)

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

"

"

"

"

"

"

"
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

R(φ̃1)
† X R(φ̃2)

† X R(φ̃3)
† H X

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

"

"

"

"

"

"

"
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

•

�M+BHH� : |0〉 ##

cr0

6A:X j, a+?2K2 Q7 i?2 [m�MimK +B`+mBi 7Q` i?2 n = 2 [m#Bib +�b2X h?2 T�`�K2i2`b �`2 `2/2}M2/ �b
θ̃i = θi − θ0, φ̃i = φi − φ0- �b /2i�BH2/ BM 1[X U\\VX

;`�vb+�H2 BK�;2bX � ;`�vb+�H2 BK�;2 +QMbBbib Q7 � ;`B/
Q7 TBt2Hb r?Qb2 BMi2MbBiB2b �`2 mbm�HHvR `2T`2b2Mi2/ #v
BMi2;2` MmK#2`b BM i?2 `�M;2 [0, 255]- �b b?QrM BM 6B;X \\X

255 170

85 0

6A:X 9, � ;`�vb+�H2 BK�;2 rBi? +Q``2bTQM/BM; TBt2H
BMi2MbBiB2bX h?Bb BK�;2 +�M #2 2M+Q/2/ BM i?2 �``�v
(255, 170, 85, 0)- Q`/2`2/ 7`QK iQT@H27i iQ #QiiQK@`B;?iX

aBM+2 r2 K�F2 mb2 Q7 � T?�b2 2M+Q/BM;- �HH BMTmib U�M/
r2B;?ibV iQ i?2 �`iB}+B�H M2m`QM ?�p2 iQ #2 MQ`K�HBx2/ BM
i?2 BMi2`p�H [0, 2π]X AM i?Bb rQ`F r2 7m`i?2` `2bi`B+i i?Bb
/QK�BM 7Q` irQ `2�bQMbX 6B`bi- p�Hm2b BM [0,π] �M/ [π, 2π]
�`2 7mHHv 2[mBp�H2Mi- /m2 iQ i?2 T2`BQ/B+Biv BM T?�b2 �M/
i?2 b[m�`2/ KQ/mHmb BM 1[X U\\Vc b2+QM/- 7Q` i?2 b�K2
`2�bQM- bi�i2b rBi? x2`Q Q` π T?�b2 vB2H/ i?2 b�K2 �+iB@
p�iBQM 7mM+iBQM- r?B+? BM im`M K2�Mb i?�i BK�;2b rBi?
BMp2`i2/ +QHQ`b UBX2X- #v 2t+?�M;BM; r?Bi2 rBi? #H�+FV
rQmH/ #2 `2+Q;MBx2/ �b 2[mBp�H2Mi #v i?Bb T2`+2Ti`QM
KQ/2HX >2M+2- iQ /BbiBM;mBb? � ;Bp2M BK�;2 7`QK Bib M2;@
�iBp2- r2 7m`i?2` `2bi`B+i i?2 BMTmi �M/ r2B;?i 2H2K2Mib
iQ HB2 BM i?2 `�M;2 [0,π/2]X h?mb- �M BK�;2 bm+? �b i?2
QM2 `2TQ`i2/ BM 6B;X \\ Bb bm#D2+i iQ i?2 MQ`K�HBx�iBQM
(255, 170, 85, 0) → π/2

255 (255, 170, 85, 0)- #27Q`2 mbBM; Bi �b
�M BMTmi p2+iQ` iQ #2 2M+Q/2/ BMiQ i?2 [m�MimK M2m`QM
KQ/2HX
q2 BKTH2K2Mi2/ �M/ i2bi2/ i?2 [m�MimK +B`+mBi #Qi? QM
bBKmH�iQ`b �M/ QM `2�H [m�MimK ?�`/r�`2- #v mbBM; i?2
A"J Zm�MimK 1tT2`B2M+2 k �M/ ZBbFBi (\ )X h?2 `2bmHib
�`2 `2TQ`i2/ BM i?2 7QHHQrBM;X

R h?Bb 2M+Q/BM; Q7 ;`�vb+�H2 BK�;2b 2KTHQvb � bBM;H2 #vi2 UBX2X- 3
#BibV T2` TBt2H QM � +H�bbB+�H +QKTmiBM; `2;Bbi2`X

k ?iiTb,ff[m�MimK@+QKTmiBM;XB#KX+QKf

�X LmK2`B+�H _2bmHib

hQ #2ii2` �TT`2+B�i2 i?2 TQi2MiB�HBiB2b Q7 i?2 +QMiBM@
mQmbHv p�Hm2/ [m�MimK M2m`QM- r2 �M�Hvb2 Bib T2`7Q`@
K�M+2 BM `2+Q;MBxBM; bBKBH�` BK�;2bX q2 }t i?2 r2B;?i
p2+iQ` iQ φ = (π/2, 0, 0,π/2)- r?B+? +Q``2bTQM/b iQ i?2
+?2+F2`#Q�`/ T�ii2`M `2T`2b2Mi2/ BM i?2 BK�;2 Q7 6B;X \\-
�M/ i?2M ;2M2`�i2 � 72r `�M/QK BK�;2b iQ #2 mb2/ �b
BMTmib iQ i?2 [m�MimK M2m`QMX 6Q` 2�+? BMTmi- i?2 +B`@
+mBi Bb 2t2+mi2/ KmHiBTH2 iBK2b- i?mb #mBH/BM; � bi�iBb@
iB+b Q7 i?2 Qmi+QK2bX qBi? m = 30 `�M/QK ;2M2`�i2/
BK�;2b- i?2 `2bmHib Q7 i?2 +H�bbB}+�iBQM �`2 /2TB+i2/ BM
6B;X \\- r?B+? BM+Hm/2b i?2 �M�HviB+ `2bmHib- i?2 `2bmHib
Q7 MmK2`B+�H bBKmH�iBQMb `mM QM ZBbFBi Z�aJ aBKmH�iQ`
#�+F2M/- �M/ }M�HHv i?2 `2bmHib Q#i�BM2/ #v 2t2+miBM;
i?2 [m�MimK +B`+mBi QM i?2 B#K[tk@vQ`FiQrM U�++2bb2/
BM J�`+? kykyV `2�H /2pB+2X .m2 iQ 2``Q`b BM i?2 �+im�H
[m�MimK T`Q+2bbBM; /2pB+2- i?2 bi�iBbiB+b Q7 i?2 Qmi+QK2
/Bz2` 7`QK 2Bi?2` i?2 bBKmH�i2/ QM2 Q` i?2 �M�HviB+ `2@
bmHiX L2p2`i?2H2bb- i?2 b�K2 Qp2`�HH #2?�pBQm` +�M #2
2�bBHv `2+Q;MBb2/- i?mb b?QrBM; i?�i i?2 [m�MimK M2m`QM
+B`+mBi +�M #2 bm++2bb7mHHv BKTH2K2Mi2/ �HbQ BM �M �+im�H
[m�MimK T`Q+2bbQ` ;BpBM; `2HB�#H2 `2bmHib 7Q` bm+? `2+Q;@
MBiBQM i�bFbX h?2 BK�;2b T`Q/m+BM; i?2 H�`;2bi �+iBp�iBQM
�`2 i?2 QM2b +Q``2bTQM/BM; iQ BMTmi p2+iQ`b bBKBH�` iQ i?2
+?2+F2`#Q�`/@HBF2 r2B;?i p2+iQ`- r?B+? +QM}`Kb i?2 /2@
bB`2/ #2?�pBQm` Q7 i?2 [m�MimK M2m`QM BM `2+Q;MBxBM;
bBKBH�` BK�;2bX PM i?2 +QMi`�`v- i?2 BK�;2b rBi? HQr2bi
�+iBp�iBQM �`2 bBKBH�` iQ i?2 M2;�iBp2 Q7 i?2 i�`;2i r2B;?i
p2+iQ`- �b /2bB`2/X

AoX G1�_LAL:

h?2 T`Q+2bb Q7 }M/BM; i?2 �TT`QT`B�i2 p�Hm2 7Q` i?2
r2B;?ib iQ BKTH2K2Mi � ;Bp2M +H�bbB}+�iBQM Bb +�HH2/ H2�`M@
BM;- �M/ Bi Bb ;2M2`�HHv #�b2/ mTQM �M QTiBKBx�iBQM T`Q@
+2/m`2 BM r?B+? � +Qbi 7mM+iBQM Bb KBMBKBx2/ #v bQK2
;`�/B2Mi /2b+2Mi i2+?MB[m2X A/2�HHv- i?2 KBMBKmK Q7 i?2
+Qbi 7mM+iBQM +Q``2bTQM/b iQ i?2 i�`;2i2/ bQHmiBQMX

� bBKTH2 H2�`MBM; i�bF 7Q` Qm` [m�MimK M2m`QM Bb iQ
`2+Q;MBx2 � bBM;H2 ;Bp2M BMTmiX ai�`iBM; 7`QK �M BMTmi
p2+iQ`- θ- r2 �BK �i }M/BM; � r2B;?i p2+iQ`- φ- T`Q/m+BM;

N = 2 qubits

|00⟩ →
1
2

( |00⟩ + |01⟩ + |10⟩ + |11⟩)

1
2 (00⟩ + eiθ1 |01⟩ + eiθ2 |10⟩ + |eiθ311⟩)

Superposition

Phase encoding
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Ui Uw

qr0 : |0〉 H • • • • H X •

qr1 : |0〉 H R(θ̃1) X R(θ̃2) X R(θ̃3)

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

"

"

"

"

"

"

"
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

R(φ̃1)
† X R(φ̃2)

† X R(φ̃3)
† H X

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

"

"

"

"

"

"

"
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

•

�M+BHH� : |0〉 ##

cr0

6A:X j, a+?2K2 Q7 i?2 [m�MimK +B`+mBi 7Q` i?2 n = 2 [m#Bib +�b2X h?2 T�`�K2i2`b �`2 `2/2}M2/ �b
θ̃i = θi − θ0, φ̃i = φi − φ0- �b /2i�BH2/ BM 1[X U\\VX

;`�vb+�H2 BK�;2bX � ;`�vb+�H2 BK�;2 +QMbBbib Q7 � ;`B/
Q7 TBt2Hb r?Qb2 BMi2MbBiB2b �`2 mbm�HHvR `2T`2b2Mi2/ #v
BMi2;2` MmK#2`b BM i?2 `�M;2 [0, 255]- �b b?QrM BM 6B;X \\X

255 170

85 0

6A:X 9, � ;`�vb+�H2 BK�;2 rBi? +Q``2bTQM/BM; TBt2H
BMi2MbBiB2bX h?Bb BK�;2 +�M #2 2M+Q/2/ BM i?2 �``�v
(255, 170, 85, 0)- Q`/2`2/ 7`QK iQT@H27i iQ #QiiQK@`B;?iX

aBM+2 r2 K�F2 mb2 Q7 � T?�b2 2M+Q/BM;- �HH BMTmib U�M/
r2B;?ibV iQ i?2 �`iB}+B�H M2m`QM ?�p2 iQ #2 MQ`K�HBx2/ BM
i?2 BMi2`p�H [0, 2π]X AM i?Bb rQ`F r2 7m`i?2` `2bi`B+i i?Bb
/QK�BM 7Q` irQ `2�bQMbX 6B`bi- p�Hm2b BM [0,π] �M/ [π, 2π]
�`2 7mHHv 2[mBp�H2Mi- /m2 iQ i?2 T2`BQ/B+Biv BM T?�b2 �M/
i?2 b[m�`2/ KQ/mHmb BM 1[X U\\Vc b2+QM/- 7Q` i?2 b�K2
`2�bQM- bi�i2b rBi? x2`Q Q` π T?�b2 vB2H/ i?2 b�K2 �+iB@
p�iBQM 7mM+iBQM- r?B+? BM im`M K2�Mb i?�i BK�;2b rBi?
BMp2`i2/ +QHQ`b UBX2X- #v 2t+?�M;BM; r?Bi2 rBi? #H�+FV
rQmH/ #2 `2+Q;MBx2/ �b 2[mBp�H2Mi #v i?Bb T2`+2Ti`QM
KQ/2HX >2M+2- iQ /BbiBM;mBb? � ;Bp2M BK�;2 7`QK Bib M2;@
�iBp2- r2 7m`i?2` `2bi`B+i i?2 BMTmi �M/ r2B;?i 2H2K2Mib
iQ HB2 BM i?2 `�M;2 [0,π/2]X h?mb- �M BK�;2 bm+? �b i?2
QM2 `2TQ`i2/ BM 6B;X \\ Bb bm#D2+i iQ i?2 MQ`K�HBx�iBQM
(255, 170, 85, 0) → π/2

255 (255, 170, 85, 0)- #27Q`2 mbBM; Bi �b
�M BMTmi p2+iQ` iQ #2 2M+Q/2/ BMiQ i?2 [m�MimK M2m`QM
KQ/2HX
q2 BKTH2K2Mi2/ �M/ i2bi2/ i?2 [m�MimK +B`+mBi #Qi? QM
bBKmH�iQ`b �M/ QM `2�H [m�MimK ?�`/r�`2- #v mbBM; i?2
A"J Zm�MimK 1tT2`B2M+2 k �M/ ZBbFBi (\ )X h?2 `2bmHib
�`2 `2TQ`i2/ BM i?2 7QHHQrBM;X

R h?Bb 2M+Q/BM; Q7 ;`�vb+�H2 BK�;2b 2KTHQvb � bBM;H2 #vi2 UBX2X- 3
#BibV T2` TBt2H QM � +H�bbB+�H +QKTmiBM; `2;Bbi2`X

k ?iiTb,ff[m�MimK@+QKTmiBM;XB#KX+QKf

�X LmK2`B+�H _2bmHib

hQ #2ii2` �TT`2+B�i2 i?2 TQi2MiB�HBiB2b Q7 i?2 +QMiBM@
mQmbHv p�Hm2/ [m�MimK M2m`QM- r2 �M�Hvb2 Bib T2`7Q`@
K�M+2 BM `2+Q;MBxBM; bBKBH�` BK�;2bX q2 }t i?2 r2B;?i
p2+iQ` iQ φ = (π/2, 0, 0,π/2)- r?B+? +Q``2bTQM/b iQ i?2
+?2+F2`#Q�`/ T�ii2`M `2T`2b2Mi2/ BM i?2 BK�;2 Q7 6B;X \\-
�M/ i?2M ;2M2`�i2 � 72r `�M/QK BK�;2b iQ #2 mb2/ �b
BMTmib iQ i?2 [m�MimK M2m`QMX 6Q` 2�+? BMTmi- i?2 +B`@
+mBi Bb 2t2+mi2/ KmHiBTH2 iBK2b- i?mb #mBH/BM; � bi�iBb@
iB+b Q7 i?2 Qmi+QK2bX qBi? m = 30 `�M/QK ;2M2`�i2/
BK�;2b- i?2 `2bmHib Q7 i?2 +H�bbB}+�iBQM �`2 /2TB+i2/ BM
6B;X \\- r?B+? BM+Hm/2b i?2 �M�HviB+ `2bmHib- i?2 `2bmHib
Q7 MmK2`B+�H bBKmH�iBQMb `mM QM ZBbFBi Z�aJ aBKmH�iQ`
#�+F2M/- �M/ }M�HHv i?2 `2bmHib Q#i�BM2/ #v 2t2+miBM;
i?2 [m�MimK +B`+mBi QM i?2 B#K[tk@vQ`FiQrM U�++2bb2/
BM J�`+? kykyV `2�H /2pB+2X .m2 iQ 2``Q`b BM i?2 �+im�H
[m�MimK T`Q+2bbBM; /2pB+2- i?2 bi�iBbiB+b Q7 i?2 Qmi+QK2
/Bz2` 7`QK 2Bi?2` i?2 bBKmH�i2/ QM2 Q` i?2 �M�HviB+ `2@
bmHiX L2p2`i?2H2bb- i?2 b�K2 Qp2`�HH #2?�pBQm` +�M #2
2�bBHv `2+Q;MBb2/- i?mb b?QrBM; i?�i i?2 [m�MimK M2m`QM
+B`+mBi +�M #2 bm++2bb7mHHv BKTH2K2Mi2/ �HbQ BM �M �+im�H
[m�MimK T`Q+2bbQ` ;BpBM; `2HB�#H2 `2bmHib 7Q` bm+? `2+Q;@
MBiBQM i�bFbX h?2 BK�;2b T`Q/m+BM; i?2 H�`;2bi �+iBp�iBQM
�`2 i?2 QM2b +Q``2bTQM/BM; iQ BMTmi p2+iQ`b bBKBH�` iQ i?2
+?2+F2`#Q�`/@HBF2 r2B;?i p2+iQ`- r?B+? +QM}`Kb i?2 /2@
bB`2/ #2?�pBQm` Q7 i?2 [m�MimK M2m`QM BM `2+Q;MBxBM;
bBKBH�` BK�;2bX PM i?2 +QMi`�`v- i?2 BK�;2b rBi? HQr2bi
�+iBp�iBQM �`2 bBKBH�` iQ i?2 M2;�iBp2 Q7 i?2 i�`;2i r2B;?i
p2+iQ`- �b /2bB`2/X

AoX G1�_LAL:

h?2 T`Q+2bb Q7 }M/BM; i?2 �TT`QT`B�i2 p�Hm2 7Q` i?2
r2B;?ib iQ BKTH2K2Mi � ;Bp2M +H�bbB}+�iBQM Bb +�HH2/ H2�`M@
BM;- �M/ Bi Bb ;2M2`�HHv #�b2/ mTQM �M QTiBKBx�iBQM T`Q@
+2/m`2 BM r?B+? � +Qbi 7mM+iBQM Bb KBMBKBx2/ #v bQK2
;`�/B2Mi /2b+2Mi i2+?MB[m2X A/2�HHv- i?2 KBMBKmK Q7 i?2
+Qbi 7mM+iBQM +Q``2bTQM/b iQ i?2 i�`;2i2/ bQHmiBQMX

� bBKTH2 H2�`MBM; i�bF 7Q` Qm` [m�MimK M2m`QM Bb iQ
`2+Q;MBx2 � bBM;H2 ;Bp2M BMTmiX ai�`iBM; 7`QK �M BMTmi
p2+iQ`- θ- r2 �BK �i }M/BM; � r2B;?i p2+iQ`- φ- T`Q/m+BM;

N = 2 qubits

|00⟩ →
1
2

( |00⟩ + |01⟩ + |10⟩ + |11⟩)

1
2 (00⟩ + eiθ1 |01⟩ + eiθ2 |10⟩ + |eiθ311⟩)

1
2 ( |00⟩ + ei(θ1−ϕ1) |01⟩ + ei(θ2−ϕ2) |10⟩ + |ei(θ3−ϕ3)11⟩)

Superposition

Phase encoding

Weights
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Actual quantum circuit implementation
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Ui Uw

qr0 : |0〉 H • • • • H X •

qr1 : |0〉 H R(θ̃1) X R(θ̃2) X R(θ̃3)

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

"

"

"

"

"

"

"
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

R(φ̃1)
† X R(φ̃2)

† X R(φ̃3)
† H X

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

"

"

"

"

"

"

"
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

•

�M+BHH� : |0〉 ##

cr0

6A:X j, a+?2K2 Q7 i?2 [m�MimK +B`+mBi 7Q` i?2 n = 2 [m#Bib +�b2X h?2 T�`�K2i2`b �`2 `2/2}M2/ �b
θ̃i = θi − θ0, φ̃i = φi − φ0- �b /2i�BH2/ BM 1[X U\\VX

;`�vb+�H2 BK�;2bX � ;`�vb+�H2 BK�;2 +QMbBbib Q7 � ;`B/
Q7 TBt2Hb r?Qb2 BMi2MbBiB2b �`2 mbm�HHvR `2T`2b2Mi2/ #v
BMi2;2` MmK#2`b BM i?2 `�M;2 [0, 255]- �b b?QrM BM 6B;X \\X

255 170

85 0

6A:X 9, � ;`�vb+�H2 BK�;2 rBi? +Q``2bTQM/BM; TBt2H
BMi2MbBiB2bX h?Bb BK�;2 +�M #2 2M+Q/2/ BM i?2 �``�v
(255, 170, 85, 0)- Q`/2`2/ 7`QK iQT@H27i iQ #QiiQK@`B;?iX

aBM+2 r2 K�F2 mb2 Q7 � T?�b2 2M+Q/BM;- �HH BMTmib U�M/
r2B;?ibV iQ i?2 �`iB}+B�H M2m`QM ?�p2 iQ #2 MQ`K�HBx2/ BM
i?2 BMi2`p�H [0, 2π]X AM i?Bb rQ`F r2 7m`i?2` `2bi`B+i i?Bb
/QK�BM 7Q` irQ `2�bQMbX 6B`bi- p�Hm2b BM [0,π] �M/ [π, 2π]
�`2 7mHHv 2[mBp�H2Mi- /m2 iQ i?2 T2`BQ/B+Biv BM T?�b2 �M/
i?2 b[m�`2/ KQ/mHmb BM 1[X U\\Vc b2+QM/- 7Q` i?2 b�K2
`2�bQM- bi�i2b rBi? x2`Q Q` π T?�b2 vB2H/ i?2 b�K2 �+iB@
p�iBQM 7mM+iBQM- r?B+? BM im`M K2�Mb i?�i BK�;2b rBi?
BMp2`i2/ +QHQ`b UBX2X- #v 2t+?�M;BM; r?Bi2 rBi? #H�+FV
rQmH/ #2 `2+Q;MBx2/ �b 2[mBp�H2Mi #v i?Bb T2`+2Ti`QM
KQ/2HX >2M+2- iQ /BbiBM;mBb? � ;Bp2M BK�;2 7`QK Bib M2;@
�iBp2- r2 7m`i?2` `2bi`B+i i?2 BMTmi �M/ r2B;?i 2H2K2Mib
iQ HB2 BM i?2 `�M;2 [0,π/2]X h?mb- �M BK�;2 bm+? �b i?2
QM2 `2TQ`i2/ BM 6B;X \\ Bb bm#D2+i iQ i?2 MQ`K�HBx�iBQM
(255, 170, 85, 0) → π/2

255 (255, 170, 85, 0)- #27Q`2 mbBM; Bi �b
�M BMTmi p2+iQ` iQ #2 2M+Q/2/ BMiQ i?2 [m�MimK M2m`QM
KQ/2HX
q2 BKTH2K2Mi2/ �M/ i2bi2/ i?2 [m�MimK +B`+mBi #Qi? QM
bBKmH�iQ`b �M/ QM `2�H [m�MimK ?�`/r�`2- #v mbBM; i?2
A"J Zm�MimK 1tT2`B2M+2 k �M/ ZBbFBi (\ )X h?2 `2bmHib
�`2 `2TQ`i2/ BM i?2 7QHHQrBM;X

R h?Bb 2M+Q/BM; Q7 ;`�vb+�H2 BK�;2b 2KTHQvb � bBM;H2 #vi2 UBX2X- 3
#BibV T2` TBt2H QM � +H�bbB+�H +QKTmiBM; `2;Bbi2`X

k ?iiTb,ff[m�MimK@+QKTmiBM;XB#KX+QKf

�X LmK2`B+�H _2bmHib

hQ #2ii2` �TT`2+B�i2 i?2 TQi2MiB�HBiB2b Q7 i?2 +QMiBM@
mQmbHv p�Hm2/ [m�MimK M2m`QM- r2 �M�Hvb2 Bib T2`7Q`@
K�M+2 BM `2+Q;MBxBM; bBKBH�` BK�;2bX q2 }t i?2 r2B;?i
p2+iQ` iQ φ = (π/2, 0, 0,π/2)- r?B+? +Q``2bTQM/b iQ i?2
+?2+F2`#Q�`/ T�ii2`M `2T`2b2Mi2/ BM i?2 BK�;2 Q7 6B;X \\-
�M/ i?2M ;2M2`�i2 � 72r `�M/QK BK�;2b iQ #2 mb2/ �b
BMTmib iQ i?2 [m�MimK M2m`QMX 6Q` 2�+? BMTmi- i?2 +B`@
+mBi Bb 2t2+mi2/ KmHiBTH2 iBK2b- i?mb #mBH/BM; � bi�iBb@
iB+b Q7 i?2 Qmi+QK2bX qBi? m = 30 `�M/QK ;2M2`�i2/
BK�;2b- i?2 `2bmHib Q7 i?2 +H�bbB}+�iBQM �`2 /2TB+i2/ BM
6B;X \\- r?B+? BM+Hm/2b i?2 �M�HviB+ `2bmHib- i?2 `2bmHib
Q7 MmK2`B+�H bBKmH�iBQMb `mM QM ZBbFBi Z�aJ aBKmH�iQ`
#�+F2M/- �M/ }M�HHv i?2 `2bmHib Q#i�BM2/ #v 2t2+miBM;
i?2 [m�MimK +B`+mBi QM i?2 B#K[tk@vQ`FiQrM U�++2bb2/
BM J�`+? kykyV `2�H /2pB+2X .m2 iQ 2``Q`b BM i?2 �+im�H
[m�MimK T`Q+2bbBM; /2pB+2- i?2 bi�iBbiB+b Q7 i?2 Qmi+QK2
/Bz2` 7`QK 2Bi?2` i?2 bBKmH�i2/ QM2 Q` i?2 �M�HviB+ `2@
bmHiX L2p2`i?2H2bb- i?2 b�K2 Qp2`�HH #2?�pBQm` +�M #2
2�bBHv `2+Q;MBb2/- i?mb b?QrBM; i?�i i?2 [m�MimK M2m`QM
+B`+mBi +�M #2 bm++2bb7mHHv BKTH2K2Mi2/ �HbQ BM �M �+im�H
[m�MimK T`Q+2bbQ` ;BpBM; `2HB�#H2 `2bmHib 7Q` bm+? `2+Q;@
MBiBQM i�bFbX h?2 BK�;2b T`Q/m+BM; i?2 H�`;2bi �+iBp�iBQM
�`2 i?2 QM2b +Q``2bTQM/BM; iQ BMTmi p2+iQ`b bBKBH�` iQ i?2
+?2+F2`#Q�`/@HBF2 r2B;?i p2+iQ`- r?B+? +QM}`Kb i?2 /2@
bB`2/ #2?�pBQm` Q7 i?2 [m�MimK M2m`QM BM `2+Q;MBxBM;
bBKBH�` BK�;2bX PM i?2 +QMi`�`v- i?2 BK�;2b rBi? HQr2bi
�+iBp�iBQM �`2 bBKBH�` iQ i?2 M2;�iBp2 Q7 i?2 i�`;2i r2B;?i
p2+iQ`- �b /2bB`2/X

AoX G1�_LAL:

h?2 T`Q+2bb Q7 }M/BM; i?2 �TT`QT`B�i2 p�Hm2 7Q` i?2
r2B;?ib iQ BKTH2K2Mi � ;Bp2M +H�bbB}+�iBQM Bb +�HH2/ H2�`M@
BM;- �M/ Bi Bb ;2M2`�HHv #�b2/ mTQM �M QTiBKBx�iBQM T`Q@
+2/m`2 BM r?B+? � +Qbi 7mM+iBQM Bb KBMBKBx2/ #v bQK2
;`�/B2Mi /2b+2Mi i2+?MB[m2X A/2�HHv- i?2 KBMBKmK Q7 i?2
+Qbi 7mM+iBQM +Q``2bTQM/b iQ i?2 i�`;2i2/ bQHmiBQMX

� bBKTH2 H2�`MBM; i�bF 7Q` Qm` [m�MimK M2m`QM Bb iQ
`2+Q;MBx2 � bBM;H2 ;Bp2M BMTmiX ai�`iBM; 7`QK �M BMTmi
p2+iQ`- θ- r2 �BK �i }M/BM; � r2B;?i p2+iQ`- φ- T`Q/m+BM;

N = 2 qubits

|00⟩ →
1
2

( |00⟩ + |01⟩ + |10⟩ + |11⟩)

1
2 (00⟩ + eiθ1 |01⟩ + eiθ2 |10⟩ + |eiθ311⟩)

1
2 ( |00⟩ + ei(θ1−ϕ1) |01⟩ + ei(θ2−ϕ2) |10⟩ + |ei(θ3−ϕ3)11⟩)

⟨ψw |ψi⟩
2

Superposition

Phase encoding

Weights

Result
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Classification of 2D data
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h`�BMBM; ai2T

*Qbi 6mM+iBQM

U+V

6A:X d, *H�bbB}+�iBQM Q7 irQ /BK2MbBQM�H /�i�X U�V AMTmi /�i� mb2/ �b i`�BMBM; b2iX U#V h2bi b2i �M/ /2+BbBQM
#QmM/�`v BKTH2K2Mi2/ #v i?2 [m�MimK M2m`QM �i i?2 2M/ Q7 i?2 H2�`MBM; T`Q+2/m`2X h?2 i?`2b?QH/ mb2/ Bb t = 0.95X

U+V PTiBKBx�iBQM rBi? i?2 aSa� QTiBKBx2` `mM QM i?2 Z�aJ aBKmH�iQ`X

x1

x
2

U�V

x1

x
2

U#V

0 50 100 150 200 250 300
0

0.2

0.4

h`�BMBM; ai2T

*Qbi 6mM+iBQM

U+V

6A:X 3, *H�bbB}+�iBQM Q7 irQ /BK2MbBQM�H +B`+H2bX U�V AMTmi /�i� mb2/ �b i?2 i`�BMBM; b2iX U#V h2bi b2i �M/ /2+BbBQM
#QmM/�`v BKTH2K2Mi2/ #v i?2 M2m`QM �i i?2 2M/ Q7 i?2 H2�`MBM; T`Q+2/m`2X h?2 i?`2b?QH/ mb2/ BM i?Bb 2t�KTH2 Bb

t = 0.95- �M/ i?2 #B�b b = 0.25X U+V PTiBKBx�iBQM #v i?2 aSa� QTiBKBx2` `mM QM i?2 Z�aJ aBKmH�iQ`X h?2
bmT2`pBb2/ H2�`MBM; T`Q+2/m`2 r�b T2`7Q`K2/ rBi? � #�i+? 2t�KTH2b Q7 bBx2 ky- r?B+? 2tTH�BMb r?v i?2 2``Q` Bb MQi

bKQQi? #mi T`2b2Mib b2p2`�H bTBF2bX

6A:X N, 1t�KTH2b Q7 BK�;2b /`�rM 7`QK i?2 JLAah
/�i�b2iX

i?2 ǳQM2bǴ �`2 KQ`2 bBKBH�` �KQM; 2�+? Qi?2` rBi? `2@
bT2+i iQ i?2 ǳx2`QbǴX 1p2M B7 +H�bbB+�H K�+?BM2 H2�`MBM;
i2+?MB[m2b +�M vB2H/ � +H�bbB}+�iBQM �++m`�+v �#Qp2 99%-
i?2 T`2b2Mi `2bmHib b?Qr � `2K�`F�#H2 /2;`22 Q7 T`2+B@
bBQM- �HbQ +QMbB/2`BM; i?�i BM i?Bb T�`iB+mH�` 2t�KTH2 MQ
H2�`MBM; �M/ QTiBKBx�iBQM T`Q+2/m`2 ?�b #22M mb2/- �M/
Dmbi � bBM;H2 [m�MimK M2m`QM ?�b #22M mb2/ 7Q` i?2 +H�b@

bB}+�iBQMX AM �//BiBQM iQ i?Bb bi`�i2;v- r2 �HbQ i`B2/ �
TQQHBM; T`Q+2/m`2- BM r?B+? 2�+? BK�;2 BM i?2 JLAah
/�i�b2i Bb }`bi `2/m+2/ iQ � 4 × 4 BK�;2 #v K2�Mb Q7 �
K2�M TQQHBM; }Hi2`- �M/ i?2M +H�bbB}2/ #v i?2 M2m`QMX
�7i2` i?2 H2�`MBM;- i?2 M2m`QM `2�+?2b � #2bi �++m`�+v
�`QmM/ 80%X LQM2i?2H2bb- i?2b2 T`2HBKBM�`v `2bmHib b?Qr
i?2 TQi2MiB�H Q7 i?2 �+iBp�iBQM 7mM+iBQM BKTH2K2Mi2/ #v
i?2 [m�MimK M2m`QM iQ #2 mb2/ 7Q` `2+Q;MBiBQM Q7 +QK@
TH2t T�ii2`Mb- bm+? �b MmK2`B+�H /B;BibX Pm` [m�MimK
M2m`QM KQ/2H T2`7Q`Kb r2HH r?2M +QKT�`2/ rBi? Qi?2`
T`QTQb2/ [m�MimK �H;Q`Bi?Kb 7Q` i?2 +H�bbB}+�iBQM Q7 i?2
JLAah /�i�b2iX AM 7�+i- �Hi2`M�iBp2 �H;Q`Bi?Kb ?�p2
#22M T`QTQb2/ 7Q` i?Bb i�bF- bQK2 Q7 i?2K mbBM; � ?v@
#`B/ +H�bbB+�H@[m�MimK �TT`Q�+?- bm+? �b H2p2`�;BM; r2HH
2bi�#HBb?2/ +H�bbB+�H T`2fTQbi T`Q+2bbBM; Q7 /�i� i?`Qm;?
+H�bbB+�H K�+?BM2 H2�`MBM; i2+?MB[m2b (\ \ )X h?2b2 ?v@
#`B/ �TT`Q�+?2b K�v vB2H/ ?B;?2` U�Hi?Qm;? +QKT�`�#H2V
+H�bbB}+�iBQM �++m`�+v r?2M +QKT�`2/ iQ Qm` [m�MimK
M2m`QM KQ/2HX >Qr2p2`- r2 2KT?�bBx2 i?�i BM Qm` +�b2
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6A:X d, *H�bbB}+�iBQM Q7 irQ /BK2MbBQM�H /�i�X U�V AMTmi /�i� mb2/ �b i`�BMBM; b2iX U#V h2bi b2i �M/ /2+BbBQM
#QmM/�`v BKTH2K2Mi2/ #v i?2 [m�MimK M2m`QM �i i?2 2M/ Q7 i?2 H2�`MBM; T`Q+2/m`2X h?2 i?`2b?QH/ mb2/ Bb t = 0.95X

U+V PTiBKBx�iBQM rBi? i?2 aSa� QTiBKBx2` `mM QM i?2 Z�aJ aBKmH�iQ`X
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6A:X 3, *H�bbB}+�iBQM Q7 irQ /BK2MbBQM�H +B`+H2bX U�V AMTmi /�i� mb2/ �b i?2 i`�BMBM; b2iX U#V h2bi b2i �M/ /2+BbBQM
#QmM/�`v BKTH2K2Mi2/ #v i?2 M2m`QM �i i?2 2M/ Q7 i?2 H2�`MBM; T`Q+2/m`2X h?2 i?`2b?QH/ mb2/ BM i?Bb 2t�KTH2 Bb

t = 0.95- �M/ i?2 #B�b b = 0.25X U+V PTiBKBx�iBQM #v i?2 aSa� QTiBKBx2` `mM QM i?2 Z�aJ aBKmH�iQ`X h?2
bmT2`pBb2/ H2�`MBM; T`Q+2/m`2 r�b T2`7Q`K2/ rBi? � #�i+? 2t�KTH2b Q7 bBx2 ky- r?B+? 2tTH�BMb r?v i?2 2``Q` Bb MQi

bKQQi? #mi T`2b2Mib b2p2`�H bTBF2bX

6A:X N, 1t�KTH2b Q7 BK�;2b /`�rM 7`QK i?2 JLAah
/�i�b2iX

i?2 ǳQM2bǴ �`2 KQ`2 bBKBH�` �KQM; 2�+? Qi?2` rBi? `2@
bT2+i iQ i?2 ǳx2`QbǴX 1p2M B7 +H�bbB+�H K�+?BM2 H2�`MBM;
i2+?MB[m2b +�M vB2H/ � +H�bbB}+�iBQM �++m`�+v �#Qp2 99%-
i?2 T`2b2Mi `2bmHib b?Qr � `2K�`F�#H2 /2;`22 Q7 T`2+B@
bBQM- �HbQ +QMbB/2`BM; i?�i BM i?Bb T�`iB+mH�` 2t�KTH2 MQ
H2�`MBM; �M/ QTiBKBx�iBQM T`Q+2/m`2 ?�b #22M mb2/- �M/
Dmbi � bBM;H2 [m�MimK M2m`QM ?�b #22M mb2/ 7Q` i?2 +H�b@

bB}+�iBQMX AM �//BiBQM iQ i?Bb bi`�i2;v- r2 �HbQ i`B2/ �
TQQHBM; T`Q+2/m`2- BM r?B+? 2�+? BK�;2 BM i?2 JLAah
/�i�b2i Bb }`bi `2/m+2/ iQ � 4 × 4 BK�;2 #v K2�Mb Q7 �
K2�M TQQHBM; }Hi2`- �M/ i?2M +H�bbB}2/ #v i?2 M2m`QMX
�7i2` i?2 H2�`MBM;- i?2 M2m`QM `2�+?2b � #2bi �++m`�+v
�`QmM/ 80%X LQM2i?2H2bb- i?2b2 T`2HBKBM�`v `2bmHib b?Qr
i?2 TQi2MiB�H Q7 i?2 �+iBp�iBQM 7mM+iBQM BKTH2K2Mi2/ #v
i?2 [m�MimK M2m`QM iQ #2 mb2/ 7Q` `2+Q;MBiBQM Q7 +QK@
TH2t T�ii2`Mb- bm+? �b MmK2`B+�H /B;BibX Pm` [m�MimK
M2m`QM KQ/2H T2`7Q`Kb r2HH r?2M +QKT�`2/ rBi? Qi?2`
T`QTQb2/ [m�MimK �H;Q`Bi?Kb 7Q` i?2 +H�bbB}+�iBQM Q7 i?2
JLAah /�i�b2iX AM 7�+i- �Hi2`M�iBp2 �H;Q`Bi?Kb ?�p2
#22M T`QTQb2/ 7Q` i?Bb i�bF- bQK2 Q7 i?2K mbBM; � ?v@
#`B/ +H�bbB+�H@[m�MimK �TT`Q�+?- bm+? �b H2p2`�;BM; r2HH
2bi�#HBb?2/ +H�bbB+�H T`2fTQbi T`Q+2bbBM; Q7 /�i� i?`Qm;?
+H�bbB+�H K�+?BM2 H2�`MBM; i2+?MB[m2b (\ \ )X h?2b2 ?v@
#`B/ �TT`Q�+?2b K�v vB2H/ ?B;?2` U�Hi?Qm;? +QKT�`�#H2V
+H�bbB}+�iBQM �++m`�+v r?2M +QKT�`2/ iQ Qm` [m�MimK
M2m`QM KQ/2HX >Qr2p2`- r2 2KT?�bBx2 i?�i BM Qm` +�b2

N=1 qubit

N=2 qubit
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Classification of checkboard patterns
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i0 i1

i2 i3

white if  

black if 

ij, wj = + 1
ij, wj = − 1

⃗i =

i0
i1
⋮

i2N−1

⃗w =

w0
w1
⋮

w2N−1

N = 2
⃗i = (i0, i1, i2, i3)

⃗i =
(1, − 1,1, − 1)

⃗w =
(1, − 1,1, − 1)

⟨ψw |ψi⟩ = ⃗i ⋅ ⃗w = 1 Perfect activation

⃗i =
(1, − 1,1, − 1)

⃗w =
(−1,1,1, − 1)

⟨ψw |ψi⟩ = ⃗i ⋅ ⃗w = 0 No activation
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State preparation
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For binary encoding of data

|010⟩ → i010 |010⟩
|110⟩ → i110 |110⟩

Brute-force approach

Requires  operationsO(n)

Hypergraph states

Nodes

Edge

|ψi⟩ =
1

2N

2N−1

∑
j=0

ij | j⟩

REW state

Requires  operations 

but lower multi-qubit operations 

(at most one N-controlled gate)

O(n)

X X

Z


